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Abstract. The breakdown of spacetime symmetries has recently been identified as 
a promising imprint of fundamental physics, possibly arising at the Planck scale. This 
work gives an overview of various topics in this research area. The motivations for 
spacetime-symmetry investigations, including some mechanisms for Lorentz violation, 
are listed. The Standard-Model Extension (SME) for the description of the emerging 
low-energy effects is introduced, and some new theoretical results within this framework 
are discussed. 
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1. Introduction 

Despite its phenomenological successes, the present framework for fundamental 
physics — the Standard Model of particle physics together with the General Theory 
of Relativity — leaves unanswered various conceptual questions. For this reason, a 
substantial amount of theoretical work is currently being devoted to the search for 
an underlying theory that provides a quantum description of gravity. Experimental 
tests of such ideas face, however, a considerable obstacle of practical nature: most 
quantum-gravity predictions in virtually every leading candidate model are expected 
to be extremely small due to the anticipated Planck-scale suppression. For instance, 
at presently attainable energies this Planck suppression translates into a required 
experimental sensitivity of at least one part in 10^^. This work discusses some ideas 
for addressing this issue with searches for spacetime-symmetry violations. 

During the last two decades, a variety of theoretical investigations have suggested 
the possibility of spacetime-symmetry breakdown in leading candidate models for 
underlying physics. Examples of such investigations involve string field theory [T|, 
realistic field theories on noncommutative spacetimes [2], cosmologically varying 
scalars [3], various quantum-gravity models [1], four-dimensional spacetimes with a 
nontrivial topology |.5j, random-dynamics models [6], multiverses |7], and brane- world 
scenarios [8]. Although the dynamical structures underlying the above models typically 
remain Lorentz symmetric, Lorentz and CPT violation can nevertheless occur in the 
ground state at low energies. These ideas provide a key motivation for Lorentz- and 
CPT- violation searches in the context of quantum gravity. 

At energies that can currently be reached in experimental situations, the effects 
resulting from Lorentz and CPT violation in underlying physics are described by 
the Standard-Model Extension (SME), which is an effective-field-theory framework 
containing the usual Standard Model [9j and General Relativity as limiting cases. A 
number of theoretical investigations and consistency studies have been performed within 
the context of the SME [HI |12l [13]. Some of these studies have illuminated various 
conceptual questions, but so far none have suggested any internal inconsistencies. 

Its generality and consistency make the SME an excellent tool for the identification 
and analysis of experiments testing Lorentz and CPT symmetry, and numerous 
investigations along these lines have indeed been performed [H]. Specific studies include, 
for instance, ones with photons [15], [16], neutrinos [I7|, electrons |18J, protons and 
neutrons [19], mesons [20], and muons [21]. These analyses have put tight bounds 
on a number of SME coefficients or combinations of them. Several of the obtained 
experimental constraints can be considered to test Planck-scale physics. 

The outline of this work, which is based on a talk given at QTS-5, is as follows. 
Section [2] gives an overview of the philosophy behind the construction of the SME. A 
special limit of the electrodynamics sector of the SME — the Chern-Simons model — is 
briefiy reviewed in Sec. HI In Sec. HI it is argued that for lightlike Lorentz violation, the 
Chern-Simons term can be removed on shell from the free model, and the idea behind 
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the associated mapping is illustrated. Section \5\ derives a compact expression for this 
field-redefinition mapping. A summary and a brief outlook are contained in Sec. [61 

2. The SME 

To predict general low-energy effects of Lorentz- and CPT-symmetry breakdown that 
permit the identification of specific experimental signatures, a suitable test framework 
is needed. This test framework must allow for small departures from these spacetime 
symmetries. Various Lorentz tests are motivated and analyzed within purely kinematical 
models, such as Robertson's framework and its Mansouri-Sexl extension to arbitrary 
clock synchronizations, as well as the model and phenomenologically constructed 
modified dispersion relations. However, kinematical signatures of Lorentz breakdown 
constitute only a small subset of possible effects, so that the lack of dynamical features 
considerably restricts their scope. To address this issue, the SME, already mentioned 
in the introduction, has been developed over past decade. This section provides a brief 
review of the philosophy behind the construction of this test framework. This will give 
the reader an idea of the SME's generality and scope. 

Let us focus on the flat-spacetime limit for simplicity. We just mention that a 
similar line of reasoning can be adopted in situations involving gravity. The starting 
point of the construction is the conventional Standard-Model Lagrangian C^u, to which 
Lorentz- violating modifications 6C are added: 

^SME = ^SM + ■ (1) 

In the above expression, the SME Lagrangian is denoted by £sme- The correction 
term 6C is assembled by contracting Standard-Model field operators of unrestricted 
dimensionality with Lorentz-breaking tensorial coefficients. These coefficients are 
assumed to be caused by underlying physics; they are interpreted as describing a 
nontrivial vacuum containing background vectors or tensors; they must be small on 
phenomenological grounds; and they are the quantities to be constrained by experiments. 
To guarantee coordinate independence, these contractions must transform as scalars 
under Lorentz coordinate changes. This construction makes it clear that all possible 
contributions to 6C give the most general effective dynamical description of Lorentz 
violation at the level of observer-Lorentz-invariant unitary quantum field theory. 

Potential features of Planck-scale physics, such as elementary particles with a non- 
pointlike structure or an underlying discrete spacetime, are unlikely to invalidate the 
above effective-field-theory approach at energies small compared to the quantum-gravity 
scale. On the contrary, the phenomenologically successful conventional Standard Model 
is widely regarded as an effective field theory describing the low-energy degrees of 
freedom resulting from more fundamental physics. If this underlying physics indeed 
leads to minuscule Lorentz-breaking effects, it would seem unnatural to consider a low- 
energy description outside the framework of effective field theory. Let us further note 
that the necessity for low-energy models beyond effective field theory is also unlikely 
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to emerge in the context of candidate underlying models with novel Loientz- symmetric 
features, such as new particles, additional symmetries, or more than four spacetime 
dimensions. Lorentz-invariant modifications can therefore be incorporated into the SME 
if needed [22j. 

The SME allows the identification and direct comparison of virtually all presently 
feasible experimental searches for Lorentz and CPT breakdown. Moreover, certain limits 
of the SME can be interpreted in terms of classical kinematics test models of relativity 
(such as the aforementioned Robertson's framework, its Mansouri-Sexl extension, or the 
model) [23] . Another benefit of the SME is the possibility of incorporating additional 
desirable features besides coordinate independence. For example, one can choose to 
require spacetime-translation symmetry, SU(3)xSU(2)xU(l) gauge invariance, power- 
counting renormalizability, hermiticity, and locality. Such features further restrict the 
parameter space for Lorentz breaking. One can also adopt simplifying assumption, 
such as a residual rotational symmetry in certain coordinate systems. This latter 
choice together with additional simplifications of the SME has been investigated in 
the literature 1241. 



3. Review: photons with a Chern— Simons term 

A particularly popular limit of the SME is the Lorentz- and CPT-violating Chern- 
Simons extension of electrodynamics. This limit will be the focus of the subsequent 
discussion in this work, so we begin by reviewing various known results pertaining to 
Chern-Simons electrodynamics. Adopting natural units c = h = 1, the free model 
Lagrangian is given by [25] 

Cues = -\f' + k,A,F^\ (2) 

where F^^, = d^A^ — d^A^ and F^^ = ]^e^^P" Fp„, as usual. The nondynamical fixed 
selects a preferred direction in spacetime explicitly breaking Lorentz and CPT symmetry. 
Although this Lagrangian is gauge dependent, the corresponding action integral, and 
therefore the physics, are invariant under gauge transformations. 

The Euler-Lagrange equations associated with the Lagrangian ([2]) yield the 
following equations of motion for the potentials = [A^ , A): 

(□^M^ - d^^d" - 2 e^'''P''kpd^) = . (3) 

From Eq. Q, the Chern-Simons modified Maxwell equations 

d^F^"^ + 2 k^F^"^ = (4) 

can be derived, which put into evidence the gauge invariance of the model. For 
completeness, we also exhibit the modified Coulomb and Ampere laws, which are 
contained in Eq. (jlj): 

V-E-2k-B =0, 

-E + VxB~2koB + 2kxE = 0. (5) 
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The homogeneous Maxwell equations are left unchanged because the relationship 
between the fields and potentials is the conventional one. 

Paralleling the ordinary Maxwell case, is nondynamical, and gauge symmetry 
eliminates another mode of A^^, so that Eq. ([3]) contains only two independent degrees 
of freedom. It is often convenient to fix a gauge, and will actually do so in the next 
section. It turns out that any of the usual conditions on A^, such as Lorentz or Coulomb 
gauge, can be imposed. We remark, however, that there are some differences between 
conventional electrodynamics and the Chern-Simons model regarding the equivalence 
of certain gauge choices. A more detailed discussion of the degrees of freedom and the 
gauge-fixing process can be found in the second paper of Ref. [9]. 

The plane- wave dispersion relation can be obtained with the ansatz A'^(x) = 
£^(A) exp(— iA ■ x), where A^ = {uj,X). This ansatz and the equations of motion ([3]) 
give 

X^ + AX^e ~4{X-ky = 0. (6) 

This equation determines the wave frequency u; as a function of the wave 3-vector A. 

Examples of non-standard effects caused by the inclusion of the Chern-Simons 
term into electrodynamics are vacuum birefringence p5] and vacuum Cherenkov 
radiation [16]. We also mention that for a timelike k^, the magnitude of group velocity 
determined by the dispersion relation iQ can in certain circumstances exceed the light 
speed c. This is consistent with previous analyses [25l [26], which have established 
theoretical difficulties associated with instabilities and causality violations for A;^ > 0. 
Such issues do not arise for A;^ < 0. In what follows, we focus primarily on the case 
of a lightlike k^. We remark in passing that the lightlike case possesses more residual 
spacetime symmetries than the timelike and spacelike cases |13j . 



4. Basic idea 



Our goal is to establish that a lightlike k'^ can be removed from the (free) equations 
of motions ([3]) by an on-shell field redefinition. This section discusses certain features 
of the solutions to Eq. ([3]) that give some intuition as to why k^ is removable thereby 
motivating the form of the field redefinition. 

For a lightlike k^, the dispersion relation ([6]) can be cast into the form 

(A^ + = , (7) 
where a = 1,2. This equation possesses the roots (A^)^ = ^(A^)°(A), with 

{X^)^{X) = ± X±{-iyk T{-lTk\ (8) 

Here, k'^ = {k^, k) is lightlike \k^\ = \k\, and we have chosen a more convenient labeling 
of these solutions than that given in Eq. ©. The roots {X^Y may alternatively be 
parametrized as 

(A^)^ = p1t . (9) 
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Here, p'^ = (±|p|,p) satisfies the conventional photon dispersion relation (p±)^ = 0, 
where the subscripts + and — label the positive- and negative-frequency solutions, 
respectively. This result is immediately evident from Eq. (I7j) when the expression inside 
the outer parentheses is identified with the appropriate p'^. 

The above reparametrization ([9]) is the key to an intuitive understanding of the field 
redefinition that removes from the equations of motion: up to polarization vectors, 
any plane-wave exponential that solves Eq. ([3]) is of the form 

exp(— iA^-x) = exp{—ip±-x) exp{±{—l)°'ik-x) . (10) 

Note exp{—ip±-x) corresponds to a Lorentz-symmetric massless plane wave; the Lorentz- 
violating contribution exp(±(— l)'^zfc-x) can be removed via a field redefinition 

(plane wave) (plane wave) exp [^{—lyik-x] . (11) 

We remark that this field redefinition depends only on the plane-wave labels ± and a, 
but is independent of the plane-wave momentum. In other words, any superpositions 
of plane-wave exponentials with labels (+, a = 1) or (— , a = 2) can be redefined by 
removing the common exp{—ik-x) factor, and superpositions of plane- wave exponentials 
with labels (-I-, a = 2) or (— , a = 1) can be redefined by removing the common 
exp{+ik-x) factor. 

To make this idea more explicit, consider the general explicit solution to the free 
equations of motions: 



(2 



TT 



|3 

a=l,2 



^"(^)= /tttt^ >. k:^(A)exp(-^A^x) + er(A)exp(^A^x) . (12) 



The polarization vectors e^(A) are constrained by the equations of motion, the gauge 
choice, and — in cases of degeneracy — by the requirement of linear independence. We 
have absorbed the relativistic normalization factor of the integration measure into the 
definition of the ^^(A), so that they do not transform as 4- vectors. In what follows, we 
will nevertheless continue to refer to these quantities as polarization vectors. We also 
remark that the negative-frequency solutions are contained in the second term of this 
expansion because Eq. ([8]) implies (Aq^)^(A) = — (A+)^(— A). In particular, A^(x) is real 
valued. 

— * 

With Eq. ([9]) at hand, we may change variables from A to p in Eq. (fT2l) . Note that 
this is just a linear shift of variables, so that the Jacobian is trivial. The exponentials 
will now contain a p-independent piece, which can be pulled out of the integral: 

Af'{x) = A^{x) exp{-ik-x) + A^*{x) exp{+ik-x) , (13) 

where 

/d'^p ^ 
j—^ [Ci{p)exp{-ip+-x) +^l^*{p)exp{ip+-x)] . (14) 

In this expression, the new polarization vectors ^^iP) given in terms of the old 
polarization vectors e^(A) simply by a shift in the argument ^a{p) = e^(p — (— 1)"A;). 
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The Definition (1141) reveals that the fields A^{x) are superpositions of plane 
waves with Lorentz-symmetric dispersion relation (p±)^ = 0. This fact implies that 
\I\A'^{x) = 0. Note that this equation resembles the conventional Maxwell equations 
in Lorentz gauge. As advertised above, this field is obtained from the original solution 
A^^ by first splitting off all exponentials with labels (+, a = 1) or (— , a = 2) and then 
removing their common exp{—ik-x) factor. An analogous argument holds for A^*{x). 

The complex- valued A^{x) field gives rise to a real- valued vector field A'^{x) in a 
natural way: 

A^'ix) =A^'ix)+A^'*{x) 

[CaiP)^whw+-x) +^^*{p)ew{ip+-x)] ■ (15) 

This field also obeys an equation that is consistent with the conventional Maxwell theory 
in Lorentz gauge: 

nA^'{x) = 0. (16) 

We therefore see that a given solution A^{x) of the Chern-Simons modified 
electrodynamics leads to a field A^{x) that obeys a Klein-Gordon-type equation in 
each component, so that at least the plane- wave exponentials are Lorentz symmetric. 

Equation (JT6l) essentially governs the spacetime dependence of the redefined field 
A^{x) via the plane- wave exponentials, but it leaves undetermined the polarizations 
vectors. This is consistent with the gauge invariance of the Chern-Simons model: 
we have not yet selected a gauge for A^, but the field redefinition gives a field A'^ 
satisfying Eq. (fT6ll . which looks gauge fixed (Lorentz gauge). This is, of course, not 
the case precisely because of the above issue that the polarizations vectors are still 
undetermined. For A^ to obey the usual Maxwell equations in Lorentz gauge, we not 
only need Eq. flTB]) . but also the additional Lorentz condition dfj^A^ = 0. This condition 
constrains the polarization vectors ^aiP) be transverse. 

Suppose we select Lorentz gauge in the Chern-Simons model d^A^ = 0. Then, the 
question arises as to whether our field redefinition leaves unchanged this gauge condition. 
This is, in fact, not the case. We obtain 

d^A^" = ^ d^A" = -2 Im (A;-^) (17) 

for the redefined condition. Since Im (A^) cannot be freely chosen (it is determined 
by Re (^'^) to yield plane- wave exponentials), the redefined field A'^ fails to obey the 
Lorentz condition. Let us instead select the gauge 

d^A^'ix) = 2lm[k-A{x) exp(-zA;-x)] (18) 

for the solution of the Chern-Simons model. Substituting Eq. (fT3|) on the left-hand side 
of Eq. (ITSl) then gives Re [exp{—ik-x) d-A{x) ] = 0. Using the plane-wave expansion of 
A^{x), one can verifjjj] that this essentially implies d-A{x) = d-A*{x) = 0, and therefore 

9^A^(x) = 0. (19) 

I We exclude special cases, such as solutions containing a single plane wave with = zLk^ and 
specially chosen phases or solutions of two plane waves with p^^ — and specially chosen phases. 
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This result establishes that with a carefully selected gauge for solutions A^^ in the 
Lorentz- and CPT-breaking Chern-Simons model, the field redefinition discussed above 
yields a solution of conventional electrodynamics in Lorentz gauge. It follows that 
such a mapping, defined on-shell, removes Lorentz and CPT violation from the Chern- 
Simons model. 

5. Compact expression for field redefinition 

In the previous section, we have discussed the possibility of removing a lightlike 
Lorentz- and CPT-violating k^^ coefficient from Chern-Simons electrodynamics. We 
have illustrated why and how this can be achieved. The basic idea has been the following. 
The first step is to decompose an arbitrary solution A'^ of the Chern-Simons model into 
two pieces, one containing the plane waves with dispersion relation shifted by 
and the other containing those with the opposite shift —k'^. In the second step, the 
Lorentz- violating shift is undone with a simple multiplicative field redefinition involving 
exp{+ik-x) in one of these pieces and exp{—ik-x) in the other. 

In this section, we set out to find a more compact form for such an on-shell 
mapping from the set of solutions in the Chern-Simons model to the set of solutions in 
conventional electrodynamics. Clearly, the more challenging step in the field redefinition 
is the first one that decomposes a given solution A^^ according shift direction in k'^ and 
yields both and A^*. In principle, this task can be performed with Fourier methods 
that simply project out the desired pieces. This section gives closed-form expressions 
for suitable projectors. 

We begin by characterizing the set of solutions A'^ to Eq. ([3]) that we take as the 
domain for our field-redefinition mapping. As in the previous section, we fix k^ to be 
lightlike k^k^j, = 0, and we consider all well-behaved fields of the form displayed in 
Eq. f|T2l) . Note that all plane- wave momenta in the exponentials satisfy the dispersion 
relation (I7j). In particular, any field A^^ obeying Eq. ( fT2i) therefore also satisfies 



We remark that all other solutions to Eq. ([3]) can differ from Eq. (fT2|) only by a 
total derivative, a quantity that leaves unaffected the physics. Note that we are not 
committing ourselves to a definite gauge because of the remaining freedom in the choice 
of polarization vectors in Eq. ( |T2l) . 

Consider the operators P+ and P_ defined by 



When these operators act on our set of solution A'^ characterized above, we find the 
following: the operators are complete in the sense that P+-|-P_ = 1, they are orthogonal 
in the sense P±Pq: = 0, and they are idempotent P^ = P±. To arrive at these results, 
we have employed Eq. (j20l) . It is apparent that P+ and P_ are operators that project 



[D^ + 4{k-df] A^ix) =0. 



(20) 




(21) 
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onto two disjoint subsets of solutions. Moreover, the union of these subsets is equal to 
our full set of solutions. 

When acting on plane-wave exponentials, the projectors yield 

P+ exp(±2A+-x) = ^ [1 ± (-l)1exp(±<-x) , 

P_ exp(±zA+-x) = ^ [1 T (-l)1exp(±a+-x) . (22) 
Employing these relations, one can then show that 

P_A^{x)=A^*{x). (23) 

With the above results at hand, we are now in the position to give a more concise form 
of our field-redefinition mapping: 

Af'ix) = exp{-ik-x) P+ A>'{x) + exp(+zfc-x) P„ A^{x) . (24) 

We mention that with the field redefinition flMl) and the equations of motion (|20|) one 
can verify Eq. flTBl) directly without using plane-wave expansions. We also remark that 
a similar field redefinition exists for the closely related Lorentz- and CPT-violating b'^ 
parameter for SME fermion [12]. 

6. Summary and outlook 

Lorentz and CPT symmetry are deeply ingrained in the presently accepted laws of 
physics. However, there are various candidate underlying theories that could lead to 
the breakdown of these spacetime symmetries. The sensitivity of current or near-future 
experiments testing these ideas would allow the detection of Planck-suppressed effects. 
It follows that Lorentz and CPT tests offer a promising avenue for quantum-gravity 
phenomenology. 

The leading-order Lorentz- and CPT-breaking effects that would arise from Lorentz- 
symmetry violations in approaches to fundamental physics are described by the SME. 
At the level of effective quantum field theory, the SME is the most general dynamical 
framework for Lorentz and CPT breakdown compatible with the fundamental principles 
of unitarity and coordinate independence. The SME incorporates the usual Standard 
Model of particle physics and General Relativity as limiting cases. Experimental 
investigations are therefore best performed within the SME. 

The electrodynamics sector of the SME contains a Chern-Simons-type operator 
contracted with a Lorentz- and CPT-violating four- vector coupling k'^. Such a coupling 
can, for example, arise through a nontrivial spacetime topology or in certain cosmological 
supergravity models as a result of varying scalar fields. If is lightlike, the free solutions 
of this model can be mapped to the solutions of conventional Maxwell electrodynamics. 
The specific form of this field redefinition is determined by Eq. flM|) . This mapping is 
nonlocal, and it applies on-shell. 
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There are still a few open questions regarding this field redefinition that need to 
be addressed in the future. It is, for instance, interesting to determine whether this 
mapping is one-to-one and onto. If so, there would be a direct correspondence between 
the Lorentz- and CPT-violating Chern-Simons model and ordinary Lorentz- and CPT- 
symmetric electrodynamics. Certain known results in the conventional Maxwell model, 
could then simply be translated to the more complex Chern-Simons model via the field- 
redefinition map. Other open issues concern the question as to whether such types 
of field redefinitions can also be found for timelike and spacelike k^^ or for interacting 
models. An additional important aspect we have left largely unaddressed is gauge 
symmetry. Although we have discussed the example of Lorentz gauge, a more detailed 
analysis of how gauge conditions are affected by the mapping could yield valuable insight 
into the mathematical structure of the Chern-Simons model and the field redefinition. 
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